Variation of Parameters for Nonhomogeneous Linear ODEs

Obyechves”
1. Tuvhodue #e wmetod
Vaviahon of Poraweters

Reccll: Znd-order livesr O7E with covstaut coefpiients
8"+ Fa'+ 79 = 46
where p b 1/ e cvgtarts | and £ i a-fwd'iwv.

£ plo =0, Hen i % |owogeneovs .
Ip £e) #0, Hem it 1 wonbomogevens.

e To determine e sweral clhon:

—> Fd ka), He lUowogenews galilion

— fud mm e gorholor solvbim
Then, a&) = ‘ahw»f Ypt) s He 3e«ey>l golvhon |
+ To determine the l/nomoyeuem golvhiom Juto:
e+ prr 1:0 —> dbaracteishic eq/uaﬁtm
* I} r s diginct reel mote 1 % 1z, them
y=C e v e
*Th r iv 3 rpeated real wot r=F =7z, them
y= ety ate™
‘T4 0 s 3 omplex covvgrte ot =+ i

3 = c“ (C| s(pt) + Czﬁn('@‘ﬁ))

The Wetwd o Vawishou of Porawetar

Covsider e Zud-oder OVE of He form
3"+ p v’ + 1”) 9 = fH

where  pd), ;(4)' 2udd ) re pmckions ,,_{, t . Note dut pib) ;H) cm be coustents

Asouwe it ) and 3,&) e > st of ichPwdew'l‘ solvhione, for
He Wwogeneavs crse

[d“-l- F(J)a'-r 7&)3 0.

Then 5 parbiuler golvhion 4o +he vonkowogenens cose is,

W= -9 [ )y dt +Y. [ £y
o 3/w3 a/wa

where the Wrmokim W is  W(Y,9,) = d@*([g: g\'.D = 89 = Y -

How is Hae Lruwild wxde 7
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\LY 9:1)
How is Hie Lrwild wde 7

Soppoce thst yhm= v,u) ¥ td,u) s +e hom?euews slvhon w, He opg

) a" + rma' + gy = OB

We Mmow Huat Y P u,0) 2e He imdqlwal&wl' st of solvlions |
(790 Mnown 20 He " 2iqut we” Selvhumg),

Firgt, we 2ssuwe +hat He -fvmt of He Fa/-l-iwlar solvhion a,:(-') 3
arm = WDYW + Mzﬂ)‘a,(ﬂ
where WE zd UH) ave 5 pair of Mws W+ we wveed -b‘f:md.

Next, we do He verificotim process .

ik
g
o'p

Now , 2«uwme w'b' < 'M'z‘a, .f«r some W % us.

)}

Mu'a, + Mz‘az_

"

Wy, ¥ wy, ¥ “‘3; Y,
wy,' + wy, + wyl + WY+ gy ¥ usgs + u}a;*r Mz"a:

60, 3‘, =Wy, + U29Y:
il
b"P

Nert, sobshhte Hue slmve bzK b He ovE.

Yy, + U (a‘,

LA U R mla',

o (W + M.'b‘, + Wogs + M‘z‘a;) + pm(u.a: $usy) + 1c+)(u.9,+ Wag,) = P04
rtma,t‘,:' + ru)u,‘a} +m)uza;‘ + m)u‘,a',' + phuy)+ P‘”“‘*'ﬂ; + gDy + giUgz = f4)

rwy(uly) + vz v',) + M.(r(+)9"'+ PH)”,‘+11+)3,) + ux(rma", + ,,mgg + 7(»)3,) = f)

) () ;0'|+ u',v‘,,) S
Wyl +uzy, = g6

=)

> for 9;.4.,9“0.79, let rt)=|. This st weang i} rth) i9 > fmchon,
ten pa) b gu) veeds 4o be rewniten
go Yt r(4) =1,

6o, u‘.~(,:+ Uz s = p)
Gie, Wy, = “uzY, , Hen we el yp uith 3 wgiom of equatione
my, +uzly; =0

(A'.v: + ) 9; = p)
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m‘.la} + |0y 9; = pH)

[ 8] = o]
¢ HL

g b2 |0 R*(h)R, [l b, | ©
TR E ) B TR 78
Ri‘:-g:z.wz? [I vy, )
o -(¥/a)yl "3;‘ P

| by, \ 0 }
Lo (haa-9:00 )00 | 4

R:: (( | )?z ’| \ 0:/y, \ Y
2 :"' \ 1‘ ! ' ‘
9% $hY )/3 > | o | | g”,FH-)T/i(Wh “9:901 )

RY = (¥R + 2, o \- 924 [ (98 -9 )

" lol LU e /(48 -us90 )
M\Z: 9|‘H"’)

U9z < %o’
50) M: = "91 ___&)_
9'33‘9’9: NoYice Hizt ' _ = d VU2
(A; - ”‘——‘i(j)——\' e 3‘31 8291 e-l'([ ;‘ ;ﬁ’])
3'3” 92?' dhe Wrmokion .

Now | 5o|vma fr % Uz .
mn) = 'w Mt Mz(f") = 2!_‘_{9) M
w w

Teefre, gpt? = Wid ¥ U

oY
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6) =~y [ B dt vy, [ ey a
0° 9'f w d vay. ’

whee W(y,Y,5) = 9,!3;-' ‘3:9'.

Emgleg'.
(D 3” 'Z?‘-I' 3 = et , Solve 'f”" He 3wera| goludien
| +42

. r‘bmoawews Solvhen' (*-2r 4\ = 0©
(r-0)* =0

L-'7 ==\ (repezted oiaewlahﬂs)

Yo = CiC° 4 Gte”

¢ Norbowggoumers  slkion: pe) = _e*
v 4

“([4 ;H)
Mu o 3(;')“

ctet(en) - tetet
e (e - ¢e*t

“

—> Wienskian: W(Y,,Y,)

"

"

= ¥ (£+14)
W= e**
—> U, = - f@gz'&
w
=,/ et (_\_ tet Jt
1+& \ e**
= — »{;?_’E dt
/(l*lc‘),e"
= - + d¢
| +4
W= — | ln(1+4)
2
—> U, =
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[
L

k)

%

\
R
|-
&

S

o«

W2 = aredan(<)

—_— P;r-h‘w'W Soluhon -

?Pu) = WUy, + u:y;
apu) =~ n(1+2) e® + artan(+)£e®
2
- e*(amtwuc)t —l_\n[H'-tz))
3

) + ot

o (eversl Solvhow : 3&)
Ciet s Gete® + c"(m*’am(% -1 lw(l-H:‘))

"

2
@ {:‘3"» 2¢y' + 29 = £lnlt)
Suppose we v givtn Hot He  Lomogemens solvhon s

&“H) = Gt + Gt
Golve Sor He parhclor  lvhion 3,,&) wd e 3wev>l solv¥iom a(—r),

—> Siuce ywo = Ot + (247

— &Ito"' Sl-l'c"-\fZa = £lni+)

L

3||_-7; \_,_1'2: M — o) = ()
t ¥ t €

Topics Page 5



— W= A&*([ ) 1 = det [-e -(;7‘])
' ?L | a2t
CO T
W= ¢
> W= —f ) u,dt = -f liu_)(l)e’ou
w x \£
= -—/ In(4) A&
|
* Iu+egr«r\i¢m Parts
led” w=In) % dv= Y At
IR/ = In(4)
u) A€ = ) n) — [ lui) de
© ) +
/ DAt = () —/ () gt
< €
J ) gt +] ) gt = (eh)
=+ % ,
;z/ lnth) dt = (In(+))
_E rA
ln) A = (Int))
\ ¥ - T
W= - (m())*
Z
—_—> W = f .P__C__"’)a‘d‘e =f ’_‘L“’_)(_L Y dt
w 4 it
= j ) At
‘el
¥ Tutegahon parts
Let az ln(¥) % dv= iz It
doz (Ve )dt  v=-Ye
&) Jt = Julh (- | At
- (4) /()1
= - lal) + [ L Jt
+ v
Sl - L
€ t
= =) (lut) +1)
v +
Uz = — | (lutHr$1)
4
—— Parkialey Solohonm
3Fc+) = g, + (,1,9z
= ¢ |mc+)) - (mmm +?

5,,@ '—Jc(mw) -+ (lmw)ﬂ)

—> bGeverzl solvhvn

3(4') = Yui) + o)
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Ll

3|Ac+) + 3?‘*)
Gt + (,,.tz - -t(\m(-l')_)l - (:(\w(+)+')

z

a(-lf)

b )

)
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